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 NONLINEAR REGRESSION METHODS
S
A. Ronald Gallantr

ABSTRACT -

t  The,Modified Gausstewtoﬁ,method,fqr finding the least squarés ,_;"

" estimates of the parameters appearing_in a nonlinearniegression model ©
“is~described§; A-description of softwére'impleménting'thevmethod Whiqh

> ; is available to TUCC users is included.



NONLINEAR REGRESSION METHODS =
A. Ronald Gellant -
A seQuence of:respbnsés' yi to,iﬁputs e are assumed to>be_generated’ o
according to.the nonlinear regréssiqn model-_'}' :
-The'inpﬁtavariébles;are~k-diménsiona1::'
| .1 ‘?St= (Xlt, xzt’ ,.‘..’_-?{kt), .
.fbiahd the unknown parameterfvg is p-dimensional
‘g’= (Ql, 62, se v, ep) . E '
The least squares estimater is that value
s AOA Coa :

which minimizes -

.

ssE(9) = T (v, - £(x,,0))°

_ The following vector and matrix notation will be useful in describing the -

modified Gauss-Newton method.
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Vf(N,’g) the D x 1 vector whose Jth element is —b-——- f(x,'g‘)

,E(Q,) the n Xp matrlx whose tt - row ‘is‘_. ,Y,'f(,}gt,r@) v

” To 111ustrate the" notatlon, cons:Ld.er the 50 responses ';(=yt) and inputs :

' (-x ) shown in Exhlblt I. - We assume that

'. Thus, .

' so that p=2 - and k=l. 'The:Vectors and matr_ices_'in'.br'oduced above are, for o
'thié example,- '
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" The modified Gauss-Newton (Hartley, 1961) algorithm proceeds as follows.

‘Find a sta‘rf value ,Q_o s methods of findiﬁg start Vvalués "axr‘e' discussed 1aA’c'e'_r.' '

‘:   '0)1'F:m“.i thejStarting catinate g, éomPﬁte‘V,"
Flnd a ,Xo , betweex‘l”io_ ‘a,nd l S"uch th'a.:t' | | 7
SSE(@O + %997.5 SSE(,Q,O) o
1) Let ,@,l =’Q’o + "7\4020 '.: Co@ute o | r
Finq ,a' )\l 'b.e.tweer;- 0 an‘di s;lch. thét | AR

. SSE (@1 . 7\1,@1)” < SSE({Q‘l')
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These 1teratlons are contlnued untll terminated accordiné.to~some stopplng'l
rule, st0pp1ng rules are dlscussed later. , , | | : , |
7 ; Hartley% (1961) paper sets forth assumptlons such that these 1terat10ns o
'will converge to e . 'Sllghtly weaker assumptions (Gallant,7197l)»are-llsted7:€ 
1n.Append1x I- , | 7 | | R e
| As users of 1terat1ve methods are well aware, a mathematlcal.pfoof of -

: ,convergence 1sxu)guarantee that convergence Wlll obtain on a. computer- In '
'rthls author s experlence; convergence falls for two reasons.; 1) The model
| chosen does not fit the data, .or 11) Poor start values are choseno e :
YVLWhen the 1nputs are scalarq, (k—l) the flrst dlfflculty can- be av01ded.:e:'
Plot the.data- If your visual 1mpre331on of the plotted data dlffers from the .
regress1on model chosen, expect dlfflcultles- When the 1nputs are vector -
lrvalued (k > l) the same cons1deratlons apply but are more dlfflcult tolr
_ ‘verlﬂy | |
- The ch01ce of start values is entlrely an ad hec process- They‘may be
" obtained from prlor'knowledge of the sltuatlon, 1nspectlon of the daté, érid;” 
' seafch,,or triel and, errefg‘ For examples,isee Gailan£ (l968)rahd Gallent'end 
vfuiler'(lQTB)- A more general apbroach torfinding start veiﬁes is éiven'by
Hertleyi anefl Booker (1965). A si_mp;ér variant of their idea is'ehe foliowing. .
Select  p representetiVe responseS‘ yt."and inputs ‘5%\:'(iv= 1; .}.,'p),

- h
Solve the set of nonlinear equations :

vy =T(x 58 (i=1,2 «., p)
i i S

for § .
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Illustratlng Wlbh our example, we w1llchoosethe observatlons w1th the

e »largest and smallest 1nputs obtalnlng the equatlons
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s mae

.106
g.e 92 B

1]

7‘:«&81

' The solution of these equations is

o (.um,_‘.823)’. =

. There are several Ways of chosing A to satlsfy SSE(V + l 3D )'< SSE(Q )

at each 1terat1ve step. Hhrtley (1961) suggests two methods in his paper-_ In

}thls author 8 experlence, 1t doesn t make very much difference how one chooses

'i'Ai . What is 1mportant is that the computer program check that the condltlon

SSE(e +x D, ) <SSE(N )

~ o is satlsfled before taklng the next iterative step.

In an 1ntermed1ate step in Hartley s (1961) proof one sees that there 1s

an . € >-O such that for every A between 0 and €

| VSSE(QJ:.LV# 7‘21) < ssE(g,) -

- For this reason, the aathor prefers the following method of choos1ng A

7 'For some o between ‘O and 1, say  a= -6, successlvely check the values

By = ()7  §=0, 1, ...

h'andtchoSe A, to be the largest BJ"such that

SSE(g, + 53331) < 88E(g;) -



v’“e_Inzsome case>, no - l satlsfylng the requlrements can be fbund Wlthln ‘the

ecomputatlonal llmlts of the machlneo This 51tuatlon is dlscussed in the nexﬁ
”; paragraph. - s | | Bes
- There eze é varlety of stopplng rﬁles or tesus for convergence emplo&ed
' itovdec1de when to termlnate the iterations. For example, one mlght set some ;” ¥

 tolerance € >0 and‘terminate when
g -8 Nse g I
:;and simultaneously ‘

lSSE(Nl) SSE(91+1) < e |ssu(g )!

. (The symbol “,% 1 denotes the Euclldean norm; -H Z “ = (ﬁp_l 1)2 ) There is }
one situation where one»must.stop., ThlS is when no A can be found such o

_ that
A,SSE(@i +AD;) < ssgggi}‘;
The author's preference-is°not to ﬁse a etopping rulevother‘fhan,some pfe-.L },f;
p-chosen 1limit on the number of iteratlves.' The values: of e , and SSE(S )
:'are printed out for each 1teratlon untll elther this llmlt 1s reached or no
VK ‘can be fqund to 1mprove @& ; The observatlons, predlcted values, and
. residualsbfromethis last iteration are prlnted out_as-we115 If the last few
f iterations-ere‘ideﬁtieal»tovsevenbsigﬁifieant-digiﬁs-eﬁd the,predlcted valuese'
:aﬁd residualsrindicetevthat'thesenvaiuesvare‘ecceptaﬁleitheyeereruséd. A g
»i further check'is'to'try‘enother start valﬁe'and see'if_the Same aneWerseafe'
| Thervalﬁe of this last iteratioh'will be taken as 85§f frbmithis‘last {’5'

-dteration are computed
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Under the assumptlons llsted in Appendlx II,. the least squares estlmator is’

,approx1mately normally dlstrlbuted W1th mean e “and var1ance~covar1ance ]

62 ~
matrix ¢~ F .

A FORTRAN,subroutine;'IMGN,AisraVailable to TUCC users which willrperformt
~ one modified Gauss-Newton iterative step- lThe user is free toihandle'his’own
L input, output,’and stopping rules-' The dooumentatlon is dlsplayed as Exhlblt

II» ‘The requ1s1te JCL 1s as follows

: //NONLIN JOB xxx.yyy-zzzz,programmer-name
//s1EPL EXEC  FTGCG |
'//c.s'Ys:tN DD ¥
' gource code
//c.SYSLIB DD DSN=NCS. BS. BU139. GALLANT.GALLANT, DISP=SHR |

// . DD DSN=SYS1l.FORTLIB, DISP=SHR
// DD DSN=SYS1.SUBLIB, DISP=SHR -
//e.sysTN DD * -

7 data 7

Source coding which will handle 1nput and oufput 1s shown in Exhlblt III j
>i and the.documentatlon is shown in Exh1b1t IV. Users at NCSU, Duke, and UNC
v'vumay obta1n COpleubOf the source deck by calllng the author.

| The ecponentlal example we have been con81der1ng w1ll be used to 1llustrate
» %he use of'thls program5, Assumerthat the data of Exhlblt_l have been punched"

‘one observation per card according to



-

; _1¢g5 : 'FORMAT(emS. 3)' .
Subroutlne INPUT is coded 1n Exhlblt V and Subroutlne FUNCT is coded in f'

Exhiblt VI.

' The deck arrangement is as follows:

-//NONLIN-'JOB‘,'xxx-yyy-zzzzz}programmei—ﬁame

" //STEPL  EXEC = FTGCG | S

//c.sYsIN DD *

- source deck ‘
subroutine INPUTrdeck 7

R e subroutine FUNCT deck R . . : o
o '//G-SYSLIB DD DSN=NCS.ES.B4139. GALLANT. CALLANT, DISP=SHR
e - DD DSN=SYS1. FORTLIB, DISP=SHR

// DD DSN=8YS1.SUBLIB, DISP=SHR

//c.sYSIN DD *- B ‘

© data ‘cards

//

. The output for the example is- shown in Exhlblt VII- Note thet'the.progfam

prlnts ‘a correlation matrlx computed from 2 rather than z «. The varlance- -

Ny N

_covarlance matrix 02 L can be recovered by us1ng the standard errors prlnted oy

,on the prev1ous page.

If any amblgultles in documentatlon or dlfflcultles with the program ’

Vare encountered please call the author.'
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PURPOSE

| Exhibit II

: h/20/72

- COMPUTE A MODIFIED GAUSSmNEWTON I‘ZEERATIVE STEP FOR THE REG-RESSION s
' MODEL YT—~F(XT, THETA) +ET. '

USAGE

+ CALL DMGN( FUNCT, Y,x, T1,N,K, IP, T2,E,D,C, VAR, IER)

- SUBROUTINES CALLED
' ’FUNCT, DGMPRD, ISWEEP

ARGUMENTS

FUNCT -

USER WRITTEN SUBROUTINE CONCERNING THE FUNCTION TO EE ,
 FITTED. FOR AN INPUT VECTOR XT AND PARAMETER THETA FUNCT
SUPPLIES THE VAIUE OF THE FUNCTION F(XT,THETA), STORED IN -

< THE ARGUMENT VAL, AND THE PARTTAL DERIVATIVES WITH RESPECT -

 END ' S
THIS STATEMENT MUST BE INCIUTED IN THE CALLING I—‘ROGRAM S

TO THETA, STORED IN THE ARGUMENT DEL.

SUBROUTINE FUNCT IS OF THE FORM: :
SUBROUTINE FUNCT(XT, THETA, VAL, DEL, ISW)
REAI*8 XT(K), THETA(TIP), VAL, DEL( IP)
(STATEMENTS TO SUPPLY.VAL) .

IF(ISW.EQ. 1) RETURN

(STATEMENTS TO SUPPLY IDEL)

RETURN -

EXTERNAL FUNCT |
AN N BY 1 VECTOR OF OBSERVATIONS.

- ELEMENTS OF Y ARE REAIX8.

A K BY N MATRTX CONTAINING THE INFPUT K BY 1 VECTORS STORED
AS COIUMNS OF X. COLUMN I OF X CONTAINS THE INPUT VECTOR =
CORRESPONDING TO OBSERVATTON Y(I) STORED COLUMWWISE

(STORAGE MODE 0).

 EIEMENTS OF X ARE REAI#S.

INPUT IP BY 1 VECTOR CONTAINING THE START VALUE OF ‘I'H_ETA
OR THE VAIUE COMPUTED IN THE PREVIOUS I’I’ERATIVE STEP.

. EIEMENTS OF T1 ARE REAL*8.

oI -

= -

- NUMBER OF OBSERVATIONS -

INTEGER ' '
DIMENSTON OF AN TNPUT VECTOR TN THE: MODEL F(XT, THETA)
INTEGER

WUMBER OF PARAMETERS IN THE MODEL. F(XT, THETA)

INTEGER

AN TP BY 1 VECTOR CONTATNING THE NEW ESTIMATE OF THETA.

THE EIEMENTS OF T2 ARE REAIXG. o
AN W BY 1 VECTOR OF RESIDUALS FROM THE MODLL WITH 'ITIETA—TJ.. :

ELEMENTS OF E ARE REAT*8.- :
AW TP BY 1 VECTOR COITA: LNII*G AN UI\IVIODIFIED GAUSS NEW‘”’ON

CORRECTICN VECTOR. SET THETA=T1+D TO OBTAIN:AN UNMODIFIED -
NEW ESTIMATE. , R '

- EIEMENTS OF I ARE BEAT#*G



@ - AN TP BY IP MATRTX CONTAINING THE ESTIMATED VARTANCE-
.+ COVARIANCE MATRIX OF T1 PROVIDED T1 IS THE LEAST SGUARES.

" ESTIMATE OF THETA. c-VAR*mVERSE(sum(DEL*DEL')) STORED._' S P

- COLUMNWISE (STORAGE MODE 0).
, © . _EIEMENTS OF C ARE REAI*8. SRR :
- VAR . - ESTIMATED VARTANCE OF OBSERVATIONS PROVIDED. Tl IS 'I'HE
. IEAST SQUARES ESTIMATE. : ;
" REAI#8. R
IER - - INTEGER ERROR PARAMETER CODED A FOLLOWS
.- IFR=0 NO ERROR ‘
- IER=1 T2=T1+V¥D - WHERE V=.6**L FATLED TO REDUCE THE '
= RESIDUAL SUM OF SQUARES FOR I=0,1,2,¢.+,540."
" IER.GT.9 AN INVERSION ERROR OCCURRED, UNITS POSITION OF
' IERHASTHESAME FEANINGASABOVE. :

REFERENCE

' HARTIEY,H.O. THE MODIFIED GAUSS- NEWTON METHOD FOR THE FITTING OF -

NON-LINEAR REGRESSION FUl\TCTIONS BY IEAST SQUARES. 'IECHNOMETRICS,B B

' PROGRAIVMER o :
DR. A. RONALD GALIANT
- IEPARTMENT OF STATTSTICS

"~ NORTH CAROLINA STATE UNIVERSITY

- RAIEIGH, NORTH CAROLINA 27 607
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Exhibit IIT °

REAL*8 R(3000)
©ISW=1 |

.7 CALL- INPUT(ISW,N,K,II5ITER,R,R,R) _
. MO=1 - ‘ -
Mi=N 0
o Me=K¥N. - - a0
CM3=IP T aM2
Mb=TP- . B
CMB=NC o aMb
- M6=IP T M5
© . M[=IP*IP , M6
MB=1 L
=_'WRITE(5,1gMB
 WRITE(3,2) . .
DO 10. I=1,M8
R(I)=0.D0 - -
IOUT=1
- I0UT=2

| CALL NONLIN(R(No) R(Ml) R(ME) R(MS) R(Mh) R(M5),R(M6),R(Nﬂ),

* : N,K,IP,ITER,IOUT)
SUBROUTINE NONLIN(Y,X,Ti,T2,E,D,C, VAR,N,K,IP,ITER,IOUT)
REAL*S Y(N),X(K,N) Tl(IP) T2(IP) E(N) D(IP) C(IP,IP) VAR

somar( /11111

*36}( 3 'ﬁﬁ%ﬁ*ﬁm%ﬂ%ﬁﬁ%m*ﬂﬁm ' / '

R 510 JAL S YA
'»'*36x,’*,~~ THE VECTOR R MUST BE DIMENSIQNED AT LEAST 1 R
¥36%,'% - . AS TARGE AS M8 = 19, B R
*36X, tx B o 'X"/

*36X, 'XMWHWWHWW%H*WHWW*') >

FORMAT(' /1117117

*36X, ' WMWWW%WW' /

. '*56}(,'* . *'/
1 AR ETEASE REPORT ANY PROBLEMS WITH THIS PROGRAM TO,. ot/
~%36X,'*  DR. A. RONALD GALIANT - - . L *®/
- %36X,'*  DEPARTMENT OF STATISTICS S %’7 o/

: . !

| %36X,'*  NORTH CAROLINA STATE UNIVERSITY . e e
. %36X,'% . -RAILEIGH, NORTH CAROLINA 27607 , S FAR *'/

*56x,'*~*f (919) T37-2531

KGR - ' ' B e *t/

*36}( 5 ’Wﬂ%m%mmﬂmﬂ*ﬁmﬁmﬁm%*%ﬁw*' ) o
END ' : '



Exhibit IV

'SOURCE DECK FOR MODIFIED GAUSS-NEWTON NONLINEAR ESTTMATION .
 USER SUPPLIED SUBROUTINES INPUT AND FUNCT REQUIFED.

3 SUBROUTINE INPUT IS OF THE FORM:
"SUBROUTINE INPUT(ISW,N,K,IP,ITER, Y, Xs TO)
- REAI#*8 Y(N),X(X,N),To(IP) ,
- IF(ISW.EQ.1) GO TO 1
. IF(ISW.EQ.2) GO TO 2
CONTINUE =
(CODING TO SUPPLY N, K, IPp, ITER)
RETURN
CONTINUE ‘
(coping TO SUPPLY Y, x, TO)

s SUBROUTINE FUNCT IS DESCRIBED IN THE DOCUME:NTATION OF SUBROUTINE
DMGN AND IS OF THE FORM:
SURROUTINE FUNCT(XT, THETA, VAL, DEL, .LSW)

- REAT*8 XT(X),THETA(IP), VAL,DEL(IP)

- (CODING TO SUPPLY VAL)
TF(ISW.EQ.1) RETURN

-~ (coDING TO SUPPLY DEL)

END

; ARGUMENTS OF INPUT AND FUNCT:
"~ ISW ~ INTEGER SWITCH.
- SUPPLIED BY CALLING PROGRAM.
©. . INTEGER¥L .
N - NUMBER OF OBSERVATIONS. : ‘
. SUPPLIED BY USER, AVAILABL‘E TO CALLING PROGRAM ON RETURN _
. INTEGER¥L " '
K - DIMENSION OF AN INPUT VECTOR IN THE} MODEL F(XT, THETA) .
~ SUPPLIED BY USER, AVAIIABLE TO CALLING PROGRAM ON RETURN.
o - INTEGER¥L - o
IP ~ NUMBER OF PARAMETERS IN THE MODEL F(XT, THETA) : :
' ~ SUPPLIED BY USER, AVAILABIE TO CALLING PROGRAM ON RE‘I‘URN ,
: . INTEGER¥LY ,
- ITER-- NUMBER OF ITERATIONS DESIRED.
- SUPPLIED BY USER, AVAILABIE TO CALLING PROGRAM ON RETURN

;  INTEGER*4 :
Y '~ AN N BY 1 VECTOR OF OBSERVA'T‘IONSe
. SUPPLIED BY USER, AVAITIABLE TO CALLING PROGRAM on RETURN. ,
K - REAI*8 -
X - A K BY N MATRIX CONTAINING THE K BY 1 INPUT VECTORS STORED

AS COLUMNS OF X. COIUMY I OF X CONTAINS THE INPUT VECTOR
. CORRESPONDING TO OBSERVATTONS ¥(I). '
" SUPPLIED BY USER, AVAIIABLE TO CALLII\TG PROGRAM ON RETURN ‘
. REAL%8 . , R



TO - INPUT TP BY 1 VECTOR CONTAINING THE START VALUE -OF THETA. .
. SUPPLIED BY USER, AVATIABIE TO CALLING 'PROGRAI ON RETURN.
“ XT - A K BY 1 VECTOR CONTATNING AN INPUT VECTOR. ,
- SUPPLIED BY CALLING PROGRAM.
. REAT#8 o '
THETA - AN TP BY 1 VECTOR CONTATNTNG PA.RAME'I‘ER VALUES.
© SUPPLIED BY CALLING PROGRAM.
" .. REAI¥B - -
VAL - - VAI=F(XT, IHE"‘A) : R :
- SUPPLIED BY USER, AVATIABLE TO CALLING PROGRAM ON RETURN.
DEL - AN TP BY 1 VECTOR CONTAINING THE PARTTAL DERIVATIVES OF
o F(XT, THETA) WITH RESPECT TO THETA. a
SUPPLIED BY USER, AVALLABLE TO CALLING PROGRAM ON RETURN T



. Exhibit 'v

SUBROUTTIE INPUT(ISW, N, K, IP, ITER, Y,x, ‘I‘O), g

o REAI*8 Y(50), X(l,50):T0(2)

- IF(ISW.EQ-1) GO TO 1

IF(ISW.EQ.2) GO TO 2 -
CONTINUE ,
N=50

100

S IP=2

TTER=05

- RETURN.

CONTINVE =~
TO(1)=+ bULDO.

- 10(2)=.823D0 L
- READ(1,100) (Y(I), X(l,I) 1-1, 50)
" FORMAT(2F10. 3) :

. END .



_Exhibit VI

" SUBROUTINE FUNCT(XT, THETA, VAL, DEL, ISW)

~ REAI¥8 XT(1),THETA(2), VAL, DEL(2) -
s ,VVALJI'I{E}TA(l)*DEXP(THETA(e)*XT(l))
- IF(ISW.EQ.1l) RETURN :
-~ IEL 1)-—DEXP(THETA(2)*XT(1))
~ DEL 2)—'.[‘HETA(1)*XT(1)*DEXP(TI—ETA(2)*XT(l))
RETURN ,
END
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APPENDIX I
" Theorem. We are'given‘é'regression model

Yy = fr(xt’e) + e‘t‘; :

t

o and the data palrs (yf,xt) (t 1, 2 eee, n) Let Q(e) SSE(e)
: Condltlons- There 1s a convex, bounded subset S of Rp and a_ eo

interlor to S such that'
- Vf(xﬁ,e) éxists and ié'coﬁtinuous over7-§rfbr 't:=:l;‘2z'---:,n-i :
o 8) fes 1mp11es the rank of F (e) 1S"p.'f Vi o
| ‘5):.Q (e )< @ Q 1nf{Q (9) e a boundary p01nt of S}
x M)E'There does not exist ,_,e'fr in ,S “such that :
“ova(e) =va(e’’) =0 and q(e’)=a(e’) .
Constfuction-v Construct the éequence '{eajZFl 'as;foliéwsﬁ
'i92_ C°mp?te Po = [F (GO)F-(QO)] F (90)[y f,f (eo)] ’
Find Ao which minimizes Q (e,o + XDO)' over Ad = {J\ o< XS 1;
©o1) —Seﬁ' 91 =8, + AD, .
' -1
:Compute D [F (el)F (91)] F (el)[y - £ (el)]
Find x which minimizes Q (el + D)) over Al {a 0o=Aas1,
1 + AD € S}

2) Set 62v=_elA+ xlnl

-



Conclusions. Then for the sequence {QQ;ZFI it follows that: =

1y 'ea?' is an interior point of § for o =1, 2, ses’
. 2) The sequence’ {Qa} converges to a limit @¥% WhiQh'ié.interior'tov'S .

3) va (e¥) =0

7 ‘:_Préof.;TGallant (1971)3



APPENDIX II

.7 In order to obtaln asymptotlc results, ‘1t71s necessary to speclfy the

: "behavior of the 1nputs Xt‘ as n becomes largeo A general way of spec:Lfylng
the llmitlng behav10r of nonlmear regress:Lon 1nputs is due to Mallnvaud (1970)-;*_'
”'His definltlons are merely stated here, a complete dlscusswn and examples A S
are contained in h1s paperer - ‘ V -

Let X be a subset of Rk from which the inputs“fxt (=1, 25 ees)

' are to be chosen. .

Deflnltion., Iet G be the Borel subsets of X and {x, You1 be the’
o sequence of 1nputs chosen from X Let I (xt) be the 1nd1cator function of

@ subset A of X. The measure o on (X,G) is deflned by
MW E R By

~ for eeeh‘ A‘*e G. -

'_Definition- " A sequence of measureS' {u } on (X,G,) is said to converge

weakly to a measure u " on (X,G) if for every bounded, contlnuous functlon
S .wj.'thj_domabin, X
[ e () - [ e()au(x)
' Asymptotlc results may be obtalned under the :f'ollow1ng set of Assumptlonso-‘

Assumptions.  The parameter space Q and the set X are compact subsets

'of the p-dimensional and k-dlmensmnal reals B respectlvelye The response ’

b2

- function f(x, g) and the partial derivatives -é%w-f(x, 9)’ ~and - 69 bQ f(x, e)
are conbinuous on X X (). ' The sequence of inputs {Xt} = 1 “is chosen such S

-~ _that the sequence of measures {,un}:zl converges weakly to a measure. 4.



. E '-defined overA '-(X,G) " The true value of e, denoted by 8%, is conta:.ned 1n_ j
" an open set whlch, in turn, is contalned in Q.' it f(x,e).= f(x,e») except ,;f"i

;t on a set of - measure zero, it 1s assumed that e 90." Tbe 'p'x;p matrix

‘n‘t=[f§Lﬂme) ﬂme>moﬂ

is‘non-singular- The errors {e } are 1ndependent and identlcally dlstrlbutedbiﬂ g

., w:Lth mean zero and f‘lnlte, ‘non- zero var:.ance 02_v , o
These Assumptlons are patterned after those used by Mal:.nvaud (1970) to
| $how that the least squares est:.mator is cons:Lstent- A s1m11ar set 'ofr .
" Assun;ptlons wh1ch does not requlre that Q be bounded or that the second
partlal derlvatlves of' f(x,e) ex:Lst may be found in Gallant (1971 or 1975)
: An al+ernat1ve set of Assumptlons may be found in Jennrlch (1969)
, |  Theorem. - Let 3 denote the :f‘unctlon of y which minimizes SSE(e)
. ' " 327 =‘='v‘;f1-,1SSE(e). Under the Assumptlons llsted above-. | | '
i 1) Theestlmator '5 ' 1s consistent for eo'.r
2) The estimaton ’o‘gv is consistent for 62.
3) n-lF'(g)F(g) is cons:Lstent for t |
L) i Jn (g-e") ! is asymptotlcally normal W:Lth mean zero and varlance- e

;v,covariance matrlx 0 ﬁ f-L-
Proof. Gallant (1971 or 1975)
' Remark- In computatlons s it is customary to absorb the term ﬁ of =

~ ,
e (6-60) ' in the varlance-covarl_anc‘e gnatrlxu 'I‘hus, one enters the tables by ’Gakln
. : V n : : ’ 'A .
%wfw~%m£m

Where %= [F (e)F(e)J l



